Abstract We formulate the statistical bootstrap model for nuclear matter, and study its resulting thermodynamic properties at nuclear densities below the saturation density. We discuss the relevance of limiting temperature and the phase transition gas-'liquid' when the volume of the fireball grows with its energy. 
Introduction
Properties of nuclear matter have inspired much of the theoretical work in manybody theory during the last decades. While initially attention was focused on the saturation properties of cold nuclear matter, more recently the advent of high-energy heavy ion accelerators has stimulated work on the high temperature and density domain of the phase diagram.
There exist several main lines of approach to this complicated theoretical problem in which substantial simplifications of the actual physical circumstances are supposed. We will not review these approaches here except to say that they can be divided into two categories: (1) the nuclear matter is considered to be a non-interacting ideal gas; or (2) nuclear interactions are considered at the level of classical particle scattering.
It is immediately apparent that the interesting features of nuclear matter, such as density isomerism at high temperatures, phase transitions, condensation phenomena, etc., can hardly be discussed in the framework of the ideal gas equations of state. The fact that some kind of agreement of inclusive particle spectra in heavy ion collisions is found between theory and experiment is in fact only indicative that a thermal equilibrium is achieved in a fireball created in the collisions. To find out more about the properties of these fireballs, one has to perform more refined experiments and consider a more elaborate theory. This aim is achieved in a nonthermodynamical way in the approaches that deal with the A 1 C A 2 many-body problem, in which each particle is followed during the collision; but it becomes virtually impossible to identify the relevant collective motion that is characteristic of phase transitions and critical phenomena.
In order to derive the physical properties of hot nuclear matter which are independent of a particular choice of the two-body and multibody interaction, we employ a technique ('bootstrap') developed for similar problems in elementary particle physics-here, however, sufficiently modified to suit the different physical environment. An additional motivation in this direction is the recent recognition that the understanding of nuclear matter at the saturation point depends very sensitively on the character of the two-body potential at short distances, which is not well defined by two-body reactions. It is possible to view the bootstrap technique only as a convenient way of introducing the relevant physical properties which cannot be so easily defined by the choice of a specific potential, but which globally might even be more important than details of the two-body force. We will concentrate on the gross features of nuclear matter that follow when we incorporate into the description the following aspects of nuclear interactions:
(i) conservation of baryon number and clustering of nucleons (i.e., attractive forces leading to many-body clusters with well-defined baryon number); (ii) nucleon (isobar) excitations and internal cluster excitations (i.e., internal degrees of freedom that can absorb part of the energy of the system at finite temperature, thus transforming kinetic energy into mass);
(iii) approximate extensivity of nuclear matter (volume roughly proportional to baryon number, i.e., effectively a short-range repulsion); (iv) co-existence of a pion gas when the temperature is not equal to zero (and behaving properly even in the presence of nuclear matter); (v) baryon-antibaryon pair creation; (vi) 'chemical' equilibrium between all constituents of the system (nucleons, isobars, clusters, pions, etc.).
Our present work [2] should be most trustworthy in the domain of high temperatures and moderately high density, where details of the interaction, of Fermi and Bose statistics, as well as of the quark structure of nucleons, are most likely negligible. Also not considered explicitly here is the isospin of the nuclei. An important new feature of the Statistical Bootstrap Model as we introduce it here is that the energy density in fireballs,
is finite, constant, and of the order of the rest-energy density of a proton. Therefore it occurs to us that it is not reasonable to apply the thermodynamics derived from the 'bootstrap equation' beyond the point where the energy density ".T/ becomes much larger than 1=A.
Plan of the Paper
Section 23.2. We discuss the bootstrap hypothesis first in the context of a strongly interacting pion gas. The bootstrap equation of the pion gas is solved and discussed. We write down, discuss, and solve the bootstrap equation for nuclear matter. It is much richer than that of the pion gas, which it contains as a special case. Section 23.3. The mass spectrum and its Laplace transform are used to obtain a thermodynamic description of the system. We compute the partition functions for clustered nuclear matter. Section 23.4. We study the properties of nuclear matter in the thermodynamic limit. Two main properties of our model are:
(a) there exists a maximum temperature, which is of the order of that of the pion gas (T 0 m ); (b) there exists at all temperatures 0 Ä T Ä T 0 a critical baryon number density separating a low-density 'gas phase' from a state where a condensate and its vapor exist in equilibrium.
A numerical study is presented in which the simplest non-trivial input spectrum is assumed; the corresponding model is solved explicitly and the results are displayed graphically. This case shows all essential features, but it is still too far from reality to be taken as more than a qualitative prediction. Section 23.5. Summary.
Our notation and units:
• the only dimensional unit is 1 GeV = 1,000 MeV 5 fm 1 ;
Remark. Throughout this paper we use only Boltzmann statistics. As the bootstrap approach leads to an extremely rich mass spectrum, it is almost irrelevant whether a particular cluster or particle is a boson or a fermion or a Boltzmannion: it (almost) never happens that two equal clusters occupy the same state.
The Statistical Bootstrap Method in Particle and Nuclear Physics

The Statistical Bootstrap Model in Particle Physics
The motivation for a statistic bootstrap model in particle physics comes from two sources:
(a) the abundant production of particles in high-energy pp collisions, and a momentum distribution of these particles which suggests that there might be some analogy to black-body radiation emitted from moving sources; (b) the apparent existence of intermediate states in which lumps of highly excited hadronic matter ('fireballs') are staying together before decaying.
Thus it was tempting to describe the particle production process as pion black-body radiation emitted from one or several fireballs with a volume v 0 4 =3m 3 . This idea was first proposed by Koppe [3] and it is called the Fermi statistical model [4] . As for a statistical-thermodynamical description, the density of states .E/ is necessary and sufficient; we may express the Koppe-Fermi approach as follows:
This is nothing else than the phase-space density of a pion gas with free particle creation. If we put m D 0 and multiply by 2 for the two helicity states of a light quantum, we obtain from Eq. (23.2) all the usual formulas of the electromagnetic black-body radiation (Planck's law) in the Boltzmann limit.
The next important idea was to admit particles other than just pions, and in particular resonant states of pions, just as if they were stable particles [5] . Not knowing which ones should be admitted and how many there are, we might put them in a mass spectrum of admissible input particles in .m/. The pion contributes to in .m/ a ı-function ı.m m /; resonances contribute smeared-out ı-functions. For the moment, in .m/ is a function which represents our (incomplete) knowledge of the true mass spectrum .m/.
Introducing also relativistically invariant notation with a four-volume
This is a relativistically invariant equation for the density of states .p 2 ; p V/ in fp; d 4 pg of a gas in which the interaction manifests itself via creation and absorption of Boltzmann pions and their excited states contained in in .m/.
Note that we have restricted the one-particle state to have the pion mass. Higher mass 'one-particle states' are already contained in the sum, namely when in any of its terms all p i ! m i . Our new equation for .p 2 ; p V/ describes the density of states of a many-component gas: each species of particle contained in in .m/ is present in the gas. All these components are in 'chemical' equilibrium; neither the total particle number nor that of any of the various components is fixed.
The key idea that leads to the hadronic bootstrap is the observation that the quantity .p 2 ; p V/ can be related to the mass spectrum .m/. 
Solution of the Bootstrap Equation
For illustrative purposes, let us here consider the bootstrap equation in its simplest form, as proposed by Yellin [7] : Fig. 17 .5a). The graphical solution is presented in Fig. 17 .5b. From the figure and ' 00 .G 0 / ¤ 0, it follows that G.'/ has a square root branch point at ' 0 and is complex for ' > ' 0 [8] . We note that ' 0 D ln 4 1 corresponds to the valuě 0 1=m in Eq. (23.8b); we also note that ' increases monotonically with 1=ˇ1. Thus in Fig. 17 .5b, the interval ' 2 f0; ' 0 g corresponds uniquely toˇ2 f1;ˇ0g. Given ', we could invert Eq. (23.8a); however, we can obtain the physically interesting information about without an explicit inversion.
Since It can be seen that the rapidly decreasing 1=nŠ has been replaced by the (exponentially increasing!) g n . Thus the˝n in Eq. (23.16) have been multiplied by nŠg n , which is the total number of possible ways to cluster n objects recursively (admitting clusters of clusters).
It remains to determine the coefficients g n . This is done most simply by considering the first-order differential equation that G satisfies:
Inserting Eq. (23.13), we find the recursion relation
Given Eqs. (23.13), (23.14), and (23.18), the bootstrap equation (23.6) can be considered as solved.
The Nuclear Matter Bootstrap Equation
According to the aims described in Sect. 23.1, we now generalize the bootstrap equation (23.6) to the case of nuclear matter. We postulate the following bootstrap equation for the level density of 'nuclear clusters' with baryon number b 2 . 1; 1/: 6. 'Chemical equilibrium' between all constituents. This is expressed by the infinite set of coupled integral equations (23.19), which allows all multibody reactions between clusters Q i ,
compatible with b and p conservation.
The input terms, except that for b D 0 (pion) and for b D 1 (nucleon), specify particular features of the model, namely:
(a) Details of nuclear interaction may be represented by giving clusters (e.g., alpha particles) a special weight. (b) Equation (23.19) deal with Boltzmann particles without charge and spin.
Introducing spin, isospin, and statistics would be possible but complicated. We can obtain a similar physical effect by assigning to an input nucleus of baryon number b and volume V b a mass M b which is different from b m p .
The Mass Spectrum for Nuclear Matter
We introduce 
from which it follows that, for all i,
The constant A is independent of i and is therefore a parameter of the theory; A 1 is the constant energy density in the natural volume V: thus it is about 1=7 m N /fm 3 D 130 MeV/fm 3 . We further find that
is independent of b. 
The essential step now consists in the proper extraction of the mass spectrum .p 2 ; b/ from the function Q . Motivated by the form (23.6) of the bootstrap equation, we chose here
since we can write the bootstrap equation for the mass spectrum as
where
We would like to emphasize that the choice (23.25) leading to Eq. (23.26) is arbitrary. Another very likely choice is to take Q as the physical mass spectrum. As we have found recently, this significantly simplifies our final formula but complicates the numerical evaluation. Throughout this paper, we will constrain our work to the mass spectrum defined through Eq. (23.25). The bootstrap equation (23.26) is much richer than that for the pion gas; we have allowed the presence of arbitrarily complicated clusters characterized by the baryonic number b i . For b D 0, we have a description of meson fireballs; but in order to understand these fireballs properly, especially when baryon-antibaryon clusters are among their constituents, we have to obtain a solution for the function for all values of b.
Laplace and L-Transforms of the Mass Spectrum
In order to solve the nuclear bootstrap equation, a treatment of the b dependence is necessary. This is done by defining the 'L-transform' 2 : 
we find that the bootstrap equation takes the form of the pion bootstrap equation (23.6), but with a much more involved input function 0 ,
That illustrates the general bootstrap philosophy that the input function characterizes the 'raw material', while the integral equation imposes the dynamics on it. The dynamics should be more or less independent of what the raw material is (but it will depend on kinematics, statistics, etc. For the input function ', we have explicitly the whole .complexˇ/˝.complex / domain. Thus using the methods of complex analysis, we will be in a position to study the new phases in the future.
We remark here that the analytical continuation beyond ' 0 has never been considered in the case of pionic bootstrap, since there this limit on ' led to a limiting temperature; the energy of fireballs diverged at this point and made a transition from our world to the new domain impossible. Now the presence of baryons changes this-the introduction of leads to the existence of a new region with T < T 0 but ' > ln 4 1. We will find in our present model again a boundary T D T 0 , at which the energy density diverges-but this limit is not at ' D ln 4 1, except when D 1.
Thermodynamics
In Sect. 23.2, we solved the bootstrap equation with the help of the Laplace transformation. The same mathematical procedure is used in statistical thermodynamics to obtain the partition function from the density of states. This coincidence has the effect that the Laplace transform˚.ˇ/ of the mass spectrum .p 2 / and the Laplace transform Z.ˇ; V/ of the density of states of a thermodynamical system containing particles with the mass spectrum .m 2 / can easily be confounded. We expect a relation between˚.ˇ/ and Z.ˇ; V/-and we will exploit it below-but conceptually these two quantities are different.
The Partition Functions of the One-Component Ideal Gas
Consider an ideal relativistic Boltzmann gas with one sort of particle of mass m enclosed in an arbitrary, macroscopic external volume V ex . As it seems not very useful to consider a description where the thermometer moves (fast) with respect to the container of a gas, we take hereˇ parallel to V ex . We then obtain in the common rest frame ofˇ and V ,
[Notice the difference with Eq. (23.8b).] From the one-particle partition function, the N-Boltzmann-particle partition is found:
The grand canonical partition function is then 
The Strongly Interacting Pion Gas
The basic hypothesis is that in many instances an assembly of strongly interacting particles (of one kind 4 ) enclosed in an arbitrary volume at arbitrary temperature and chemical potential may be described
• either as a multitude of particles of one kind with a complicated interaction, • or as a non-interacting phase consisting of an infinity of different species with a mass spectrum appropriate to the interaction in question.
This implies that, if the mass spectrum of the interaction is known, replacing the interacting particles by an ideal infinite-component phase and weighting the different components according to the mass spectrum generates the same distortion of phase space as the interaction would do. An example is, for instance, a dilute He gas. Usually, this is not described as an assembly of protons, neutrons, and electrons with a Hamiltonian containing QED and strong interactions; instead, one uses the mass spectrum (here essentially one state with mass, spin, etc., of 4 He) and calculates the properties of an ideal Bose gas of He atoms, considering the latter as elementary.
Taking now the attitude that the statistical bootstrap model has provided us with the correct spectrum, the corresponding statistical thermodynamics of strongly interacting particles follows from the formulas of the ideal gas given in Sect. 23.3, now generalized to include the mass spectrum. The one-particle phase-space measure (23.35) now becomes the 'one-fireball' phase-space measure: As we are interested in the behavior at T ! T 0 (ˇ!ˇ0), we denote all quantities which are constant in this limit by the symbol C (at each place where it occurs, C may have a different value and/or dimension). Using Eq. (23.44) and the asymptotic formula K 2 .x/ p =2x e x , we obtain
Here M is a mass large enough to justify the use of the asymptotic form of K 2 and Eq. (23.44), while CC stands for the non-singular integral from m to M. Witȟ ˇ0 C.T T 0 / D CT, we find 
In Table 23 .1, we list the most interesting quantities for a D 1=2; 2=2; : : : ; 8=2, namely, pressure P, fireball number density n, energy density ", mean relative fluctuations •"=" of ", and specific heat C V D d"=dT. We notice that, as T ! T 0 (T ! 0), the energy density diverges for a < 7=2. Thus only for a < 7=2 can we expect T 0 to be a maximum temperature. For all cases we find for the velocity of sound:
Thermodynamics of Clustered Matter
Let The sum is over all partitions of b baryons into l clusters, with n j being the number of clusters having baryon number j:
In order to obtain the partition function of an arbitrary number of clusters having together b baryons, we have to compute in Eq. (23.48) the sum over all possible numbers of clusters l, since each such configuration is possible. This has the net effect that the restriction P n n D l is removed: All values of n j are allowed and the set fn j 0g depends on j only through the fact that there are j members of the set. Since all j are permitted, the order in which the infinite sum and product are evaluated is irrelevant, provided that the sum converges. Under this assumption, we obtain 
Partition Function of Nuclear Matter
Thus we see that we need only to compute the one-cluster grand canonical partition function Z 1 to determine the grand canonical partition function Z in Eq. (23.52). This is an easy task-we recall the definition of the function˚b in Eq. (23.30) and find
in the common rest frame of the volume and the 'thermometer', in complete analogy to Eq. (23.42). Consequently, In order to sum the expression (23.56), we can generate b 2 in the sum by a double integral over .
While we can sum the general formula (23.56), we will be interested here in properties of bulk nuclear matter: that is, the case when a certain number of nucleons is already present in a given volume. Unless T T 0 , we expect only moderate contributions from baryon-antibaryon pair production, since m N T 0 . Therefore we further simplify our model and neglect now antibaryon production. We can implement this by restricting b to be positive in Eq. (23.56). We note that in doing so we allow uncompensated baryon production, which is, for T Ä T 0 , a small effect,
The bootstrap equation is then as it was before, viz., (23.9), but the input term that describes only 'raw' pions and nucleons takes the form
(23.57)
The sum in Eq. (23.56) can now be obtained by integrating from zero to :
h˚.ˇ; 00 / ˚b.ˇ; 0/ i :
Given the grand canonical partition function Z.ˇ; V; /, we want to obtain the quantities of physical interest for nuclear matter. The energy density, pressure, and baryon number density are, respectively,
Of further physical interest is the energy per baryon " b D "= .
In the next section, we illustrate our model by some numerical results obtained by studying Eqs. (23.57)-(23.59).
Properties of Nuclear Matter in the Bootstrap Model
The Different Phases
In this section, we will study the physical properties of our model. We begin by considering in more detail the point 150 MeV, which is a phenomenologically good value for a hadronic bootstrap. We note that the behavior of the chemical potential for T ¤ T 0 is similar even when the pion term is switched off entirely (dashed line in Fig. 23.2) .
The limiting temperature T 0 is now a solution of Eq. (23.60) with c D 1. However, since the nuclear term is exponentially small atˇc 1=m 1=T 0 , we expect that the limiting temperature is but little changed from that of pionic bootstrap. The change of T 0 induced by the possible baryon production is obtained by expanding Eq. (23.60) aroundˇ0. We find that the change of T 0 is negative: the limiting temperature is slightly lowered (by about 10 MeV) by the presence of nucleons.
There are three domains shown in Fig. 23.2 . In domain I, enclosed by the function c .T c /, the grand canonical description is valid; in domain II, above the critical curve, we have ' > ln 4 1, but T < T 0 . In this region, the description of physical quantities should be canonical, since the grand canonical partition function does not exist for ' < ' 0 . It is possible, however, to consider the analytical continuation of the grand canonical function into this domain-inverse L-transform can then be used to find the canonical quantities. Henceforth, we will call region I the gaseous phase (because it contains the region of small density), and region II the 'liquid' phase (because it is approached if at fixed temperature the baryon density, i.e., or , increases). Region III, characterized by T > T 0 , is a domain that cannot be reached from the physical phases in those bootstrap models that give divergent energy density at T D T 0 . We have found, however, other versions of the nuclear bootstrap model which allow a transition even to this region-however, we will not discuss this possibility here.
We cannot exclude that, in models with more general input functions ', a further phase develops for large baryon densities. However, this is not so within our simple model of pions and nucleons, where we neglect most of the details of nuclear structure. In particular, for T ! 0 and for corresponding to = 0 1, we might need more detailed input than we have considered in the present simplified study.
Baryon Density in the Gaseous Phase
We begin with a short description of the numerical methods. We need to compute the different derivatives with respect toˇand of Eq. (23.58). Since˚.ˇ; / D G '.ˇ; / , we need only to have the function G.'/ and its derivatives with sufficient precision in order to calculate the quantities of physical interest. This is done by considering the expansion of G.'/ at ' 0 : [9] . An independent check of our calculations has been done with the Yellin expansion (23.13), wherever this was possible.
We begin the discussion of our results by considering the baryon number density [see Eq. (23.59c)] along the gas-'liquid' phase limit. 
We find, upon differentiation,
At the critical line, we just have
The first term is the only one remaining in the absence of pions and is shown as a dash-dotted line in Fig. 23.3 . Since for T Ä T 0 we have m N =T 1, the asymptotic form for the Bessel function in ' N can be used to determine . Therefore, we find Fig. 23.3 . We see that the onset of the pion component lowers the phase transition density, but at high temperatures, the density again increases sharply. 6 We notice that, for T < T 0 ı (with ı a few MeV), the transition from gaseous to 'liquid phases' occurs always below one (one baryon per unit volume is by definition the normal nuclear density). This justifies a posteriori our choice for the names of the different phases.
In Fig. 23.4 , we show the baryon density in the gaseous phase: in Fig. 23 .4a as a function of chemical potential with temperature being the parameter (isotherms), in 6 This mirrors the behavior of the rapidly changing factor expOE.m /=T; hadronic matter at phase boundary is meson dominated for T > m =2 MeV. Moreover, after we allowed for antimatter production (see solution presented in Chap. 27) the net baryon density continues to decrease for T ! T 0 . 7 This is another artifact of the approximation to ignore antibaryons. 
Baryon Energy in the Gaseous Phase
The energy contained in the unit volume V N can easily be obtained from Eqs. (23.59a) and (23.58):
(23.66) We record the nearly linear behavior (in the gas phase) of the energy density: " C 1 C C 2 , with temperature-dependent constants C 1 ; C 2 . We recall that, for very small .T/, our neglect of antibaryons is not justified. But above V N D 0:1 and T . 120 MeV, our results should be independent of this approximation. Even better insight can be obtained by inspecting the energy per baryon, excluding the rest mass, includes the energy of the pions, stays high above the lower limit 3T=2. We note that our interaction energy is, by definition, positive. Our nuclear mass m N for the input nucleon should, in principle, include all the binding effects at saturation, and thus be really m N E B . Therefore, at densities lower than the saturation density in the gaseous phase, the thermal energy 3T=2 is the lower limit on the energy per baryon. Furthermore, we note that, within our model, the thermal energy dominates the picture between 20 and 60 MeV, at which point the onset of pion and resonance excitation becomes important.
It is a straightforward matter to isolate the thermal term from Eq. (23.66). In fact, recalling the rules of chain differentiation, we obtain from Eqs. (23.59a), (23.59c), and (23.58),
The first term expresses the pion-nucleon interacting component and, as discussed in Sect. 23.4, it is small at temperatures below 60 MeV. The second term is just the 'free' nucleon term at density , which in the non-relativistic limit gives us the usual 3T =2.
subtle point which touches on the limits of validity of our present interpretation of the mass spectrum. In this respect, we recall that the volume of fireballs now grows with the fireball mass-thus the average density should be finite for T ! T 0 . In a consistent model, we expect a finite energy density at T 0 , so that the presently forbidden region beyond T 0 will now become accessible. 4. Below 60 MeV, we find that the energy per baryon obeys roughly the simple relation 3T=2; however, below 20 MeV, our model includes too little nuclear structure to have enough predictive power. Above 60 MeV, we find that pion degrees of freedom absorb an increasing amount of the total energy, so that the 'energy per baryon' (the total energy/number of baryons) exceeds more and more the energy which the baryons themselves carry.
Looking ahead, we hope to enlarge our model by making the input more elaborate, by maintaining the particle-antiparticle symmetry, and by considering the particular importance of alpha clusters. It seems that a profound study of the 'liquid' phase will be rewarding since much of the structure of the liquid (maybe even the existence of a new 'solid' phase) depends on the amount of nucleon structure we include in the input terms. An obvious first step in this direction is the possible introduction of effective masses (< free masses) of the bound nucleons, a feature that is very likely relevant to the understanding of the saturation of nuclear matter in the bootstrap description. We must also incorporate Fermi and Bose statistics and investigate models leading to a finite energy density at T 0 .
